and the rheological behavior of treated and untreated CNT suspensions has been found to be significantly different particularly in relation to shear thinning. Several authors ͓see, for example, Song and Youn ͑2005͒; Fan and Advani ͑2007͔͒ reported mild shear thinning and viscoelasticity for treated CNT suspensions, whereas Rahatekar et al. ͑2006͒ showed that untreated CNT suspensions exhibited significant steady shear-thinning characteristics. In addition, a number of authors reported that there was a significant dependence of mixing protocols and time, in relation to the rheological response of CNT suspensions ͓Huang et al. ͑2006͒; Fan and Advani ͑2007͔͒. There are a number of publications on linear viscoelasticity ͑LVE͒ ͓see, for example, Pötschke et al. ͑2002͒; Du et al. ͑2004͒ ; Abdel-Goad and Pötschke ͑2005͔͒ and also modeling of both treated and untreated CNT suspensions ͓Hough et al. ͑2004͒; Xu et al.
͑2005͔͒.
At present there is no universal consensus to describe experimental LVE data for surfactant stablized or treated CNT suspensions. Hough and co-workers ͑2004͒ suggested that the experimentally observed elasticity was due to interaction between CNTs in a network, whilst Xu et al. ͑2005͒ implied in their Maxwell-type modeling that elasticity possibly resulted from stretching and bending of CNTs. In the case of aggregating CNT suspensions, Hobbie and Fry ͑2007͒ measured the shear thinning and LVE responses of semidilute to concentrated CNT suspensions and related these responses to the morphology of the CNT network.
In terms of direct visualization, there are publications on the aggregates or bundles of CNTs ͓Lin-Gibson et al. ͑2004͒; Hobbie and Fry ͑2006͒; Rahatekar et al. ͑2006͒; Ma et al. ͑2007͔͒ and subsequently mapping different CNT aggregate structures into a phase diagram ͓Davis et al. ͑2004͒; Hobbie and Fry ͑2006͔͒. Fry et al. ͑2005͒ measured the anisotropy of sheared CNT suspensions using small-angle neutron scattering and smallangle light scattering techniques. In general, optical microstructures were observed in untreated CNTs, whereas suspensions with treated CNTs tended to show less optical texture ͓Xu et al. ͑2005͒; Ma et al. ͑2008a͔͒ , making structural characterization of treated CNT suspensions difficult. Nanoscale characterization is possible using techniques such as atomic force microscopy, scanning electron microscopy, and transmission electron microscopy; however, these techniques work best with solid samples and usually require thermo/photocuring or cryogenic treatments. Advani ͑2005, 2007͒ , for example, showed electron micrographs of CNTs that were preferentially aligned in the flow direction after applying shear to the suspension, followed by subsequent thermocuring of the epoxy matrix. More recently, Ma et al. ͑2008b͒ reported the photocuring of CNT suspensions within a rheometer as a means to preserve shear-induced microstructures.
In terms of modeling, the evolution of flow curves for CNT suspensions can be described by different empirical models such as the Cross model, the Carreau model, and the Krieger-Dougherty model ͓Kharchenko et al. ͑2004͒; Rahatekar et al. ͑2006͒; Kim et al. ͑2005͔͒ . A stress-microstructure model, however, is desirable as information such as CNT orientation and state of aggregation is intimately related to the final physical properties of CNT composite materials ͓Song and Youn ͑2005͔͒. The current CNT modeling is based on both fibre orientation models ͓Jeffery ͑1922͒; Batchelor ͑1970͒; Leal ͑1975, 1976͒; Petrich et al. ͑2000͔͒ and transient The first part of the paper describes experimental results for shear thinning and optical textures. It is then shown that a simple Fokker-Planck based orientation model is inadequate at explaining the observed experimental results and therefore a subsequent more advanced model has been developed. The new model incorporates both the elements of orientation modeling and aggregation modeling concepts. Finally, the new model is tested against the experimental data and the effect of different adjustable parameters is explored.
II. EXPERIMENT
In this study, the CNTs were supplied by the Department of Materials Science and Metallurgy at the University of Cambridge. They were multiwalled CNTs produced by the chemical vapor deposition method ͓Singh et al. ͑2003͔͒ and no chemical treatment has been applied to the CNTs reported in this paper. Although the diameter and length of the CNTs have not been fully characterized, SEM indicated that individual CNT had a typical diameter of less than 100 nm and optical microscopy suggested a typical length of about 30 m. The CNTs have an aspect ratio ͑r͒ of about 300 and according to Petrie ͑1999͒, the transition from semidilute to concentrated regime for randomly orientated fibers occurs at 1 / r Ϸ 0.3%. The CNTs were dispersed in an epoxy resin ͑Araldiate LY556, Huntsman, Inc.͒ and a high-shear homogenizer ͑Silverson L4R͒ was used for the preparation of a masterbatch suspension containing 0.25% CNT ͑by weight͒. Lower concentration samples were prepared from diluting the masterbatch. A mixing time of 5 h was used to ensure the establishment of stable rheology ͓Huang et al. ͑2006͔͒.
Rheological measurements were carried out using an ARES strain-controlled rheometer ͑TA Instruments͒ with 50 mm parallel plate, a gap size of 500 m, and at a temperature of 25°C. Steady shear viscosity was measured after a shearing time of 100 s and shear gradient changes within the parallel-plate rheometry was corrected using the method described by Macosko ͑1994͒. The correction method has been widely used and was suggested to be applicable to power-law fluids ͑ = K␥ n ͒ with n Ͻ 1.2 ͓Carvalho et al. ͑1994͔͒. Optical microstructure studies were carried out using a Cambridge Shear System ͑CSS 450, manufactured by Linkam Scientific Instruments͒, which consists of a shear cell coupled with an optical microscope. The shear cell is composed of two parallel quartz disks, where the bottom disk can rotate and the rotation speed is controlled by a stepper motor. The system allowed direct observation of optical microstructure developed within the CNT suspension for different shear conditions. Optical observations were made at a position 7.5 mm from the center of 30 mm quartz disks and all reported shear rates were referenced to this position. Optical images were captured using a JVC color video camera ͑TK-C1480E͒ with a frame rate of 1 / 1000 s and optical textures seen during and immediately after shear were essentially the same.
When dispersed in an epoxy resin, both treated and untreated CNTs showed steady shear-thinning characteristics, but to a different extent ͑Fig. 1͒. The epoxy matrix is optically transparent, essentially Newtonian and with a base viscosity of 10 Pa s. As shown in the figure, untreated CNT suspensions possessed a higher apparent low-shear viscosity coupled with optical microstructure of CNT aggregates, whereas treated CNT suspensions showed no optically resolvable CNT aggregates with a less pronounced viscosity enhancement effect.
The steady shear rheology of untreated CNT suspensions was studied in greater detail and the evolution of apparent shear viscosity ͑ a ͒ as a function of shear rate is shown in Fig. 2 for four different concentrations. The untreated CNT suspensions exhibited a significant viscosity enhancement at low shear rates and it was observed that the addition of only 0.1% CNT had led to an order-of-magnitude increase in a . At high shear rates, the viscosity of the suspensions decreased asymptotically to that of the base epoxy and these findings are consistent with those reported by Rahatekar et al. ͑2006͒ . In terms of microstructure, untreated CNT suspensions showed a clear optical texture which evolved depending on the shear conditions ͓see for example Figs. 3͑a͒-3͑d͔͒. At low shear rates, coarsening of the optical texture was generally observed after applying steady shear for a certain period of time ͓as shown in Fig. 3͑b͔͒ . At high shear rates, CNT suspensions were more uniformly dispersed and the aggregate size of CNTs decreased as shear rate increased ͓Figs. 3͑c͒ and 3͑d͔͒.
III. FOKKER-PLANCK ORIENTATION MODEL
In the context of short-fiber suspensions modeling, an orientation model can be used to describe the evolution of steady shear viscosity by coupling the flow kinematics with fiber orientation ͓see, for example, Batchelor ͑1970͒; Hand ͑1962͒; Hinch and Leal ͑1975, 1976͒; review by Petrie ͑1999͔͒. Initially, a Fokker-Planck ͑FP͒ model was as- 
FIG. 1.
Apparent shear viscosity ͑ a ͒ of ͑a͒ epoxy, ͑b͒ 0.25% treated CNT, and ͑c͒ 0.25% untreated CNT suspensions. Treated and untreated CNTs both exhibited shear-thinning characteristics but to a different extent when dispersed in an epoxy matrix. Untreated CNTs showed a higher low-shear viscosity coupled with optical microstructures of CNT aggregates whereas treated CNTs showed no clear optically resolvable CNT aggregates with a less pronounced viscosity enhancement effect. ͑Treated CNTs were supplied by Nanocomposites Inc., USA, and the same mixing protocol was used for preparing both treated and untreated CNT suspensions.͒ sumed where the CNTs were considered as short, rigid fibers that can rotate and align in a shear flow and where the evolution of the viscosity contribution due to the presence of CNTs depended only on the orientation of CNTs.
A. Formulation of the FP model
The momentum balance equation ͑neglecting the inertia and mass terms͒
where is the stress tensor. The mass balance equation for an incompressible fluid is given as The constitutive equation for a dilute suspension of high aspect-ratio particles ͑with negligible Brownian diffusion͒ can be written as
where p denotes the hydrostatic pressure, I is the unit tensor, is the matrix viscosity, D is the strain-rate tensor, N p is a scalar parameter that depends on fiber concentration and aspect ratio, ":" is the tensor product twice contracted ͓i.e., ͑a 4 : D͒ ij = ͑a 4 ͒ ijkl D kl ͔ and a 4 is the fourth order orientation tensor and it is defined as
where is the unit vector aligned in the fiber axis direction, "" denotes the tensorial product ͓i.e., ͑ ͒ ij = i j ͔, and ͑͒ is the orientation distribution function which satisfies the normality condition ͐͑͒d = 1. In general, the distribution function depends on the physical coordinates x, the time t, and the conformation coordinates ͓i.e., ͑x , t , ͔͒, but if the flow is homogeneous and steady, the fiber orientation distribution would only depend on the conformation coordinates ͓i.e., ͔͑͒. For dilute and nonaggregating short fiber suspensions, different analytical expressions for the parameter N p are available ͓Lipscomb et al. ͑1988͒; Petrie ͑1999͔͒. However, those expressions do not immediately apply to semidilute/concentrated or aggregating suspensions. Aggregation has been observed within the semidilute untreated CNT suspensions studied in this paper and N p is therefore determined from experimental data fitting.
If all the fibers are completely aligned in the direction ͓i.e., ͑͒ = ␦͑ − ͒, where ␦͑ ͒ is the Dirac's distribution͔, then the corresponding fourth-order orientation tensor would become: a 4 = and the fourth-order orientation tensor can be written in the following form:
where a 2 = ͐ ͑͒d denotes the second order orientation tensor and corresponding components are given as
In cases where the fibers are not completely aligned in one direction, Eq. ͑5͒ is not exact, but it provides an approximation for the fourth-order orientation tensor. Equation ͑5͒ is also known as the quadratic closure relation: a 4 quad = a 2 a 2 and other forms of closure relations are also available in the literature ͓see, for example, Advani and Tucker ͑1990͒; Dupret et al. ͑1998͔͒. However, it is also generally accepted that these closure approximations are not desirable for computing the exact orientation tensor because their impact on the final fiber distribution can sometimes be very large.
The orientation distribution function ͑͒ can be determined by solving its balance equation, which is also known as the FP equation
where D / Dt is the material derivative and D / Dt = ‫ץ‬ / ‫ץ‬t + ͑v·١͒. Once the distribution function is calculated, the computation of its moments ͑orientation tensors͒ then becomes straightforward and does not require any closure approximation. For a dilute suspension of spheroids and in the absence of Brownian motion, the evolution of fiber orientation was described by Jeffery ͑1922͒,
where ⍀ is the vorticity tensor and k is a constant that depends on the fiber aspect ratio r ͑r = fiber length/fiber diameter͒ and k is given as
For particles with an infinite aspect ratio k Ϸ 1, Eq. ͑7͒ reduces to
By combining Eqs. ͑6͒ and ͑7͒, the equation governing the evolution of the second order orientation tensor can be deduced
In the case of semidilute fiber suspensions, Folgar and Tucker ͑1984͒ proposed the introduction of a diffusion term ͑D r ͒ in Eq. ͑6͒ to account for fiber interaction effects, resulting in the following expression:
͑11͒
The equation governing the evolution of a 2 ͓in three dimensions ͑3D͔͒ then becomes
ͪ. ͑12͒
Equation ͑12͒ shows that the evolution equation for the second-order orientation tensor involves the fourth-order orientation tensor and in order to solve the problem in a closed form, closure approximations which express the fourth-order orientation tensor in terms of lower-order tensors are commonly used ͓Advani and Tucker ͑1990͒; Dupret and Verleye ͑1999͔͒. Instead of using closure approximations, a number of authors solved the FP description directly ͓see, for example, Chinesta et al. ͑2003͒; Keunings ͑2004͒; Ammar et al. ͑2006͔͒. However, the latter approach also requires the computation of a multidimensional distribution function and thus involves considerable computation efforts. In this study, the FP equation has been solved directly to allow for an accurate evaluation of the orientation tensor.
B. Application of the FP model
In the FP based orientation model, N p and D r are the key adjustable parameters to fit with experimental data. The model was found to be successful in capturing the shear thinning characteristic for some surface-treated CNT suspensions ͓Ma et al. ͑submitted͔͒, where no optically resolvable CNT aggregate was observed. In the FP orientation modeling, the value of N p was adjusted to fit the initial evolution of viscosity at low shear rates and different values of N p were needed to describe the experimental data at different treated CNT concentration levels. At high shear rates, the apparent shear viscosity was fitted by adjusting the value of rotary diffusion coefficient ͑D r ͒, which physically represents the rate of misalignment from the flow direction due to randomising events such as Brownian motion and tube-tube interactions. For a certain surface-treated CNT suspension ͑with a fixed N p ͒, a single D r value was found to be sufficient in describing the evolution of steady shear viscosity for a wide range of shear rates ͓Ma et al. ͑submitted͔͒. The success of this model for treated CNTs can be understood in terms of the nonaggregating characteristic of treated CNT suspensions, where CNT orientation was expected to be the key factor in controlling the evolution of steady shear viscosity.
The FP based orientation model with the use of a single D r and N p values, however, failed to fit the experimental flow curves for untreated CNT suspensions, where the viscosity enhancement was very pronounced at low shear rates. Figures 4͑a͒ and 4͑b͒ show FP orientation model fitting to experimental data at two selected concentrations using different values of N p and an arbitrarily fixed D r , whereas in Figs. 4͑c͒ and 4͑d͒, the value of D r was adjusted ͑with N p fixed͒ in an attempt to fit the experimental data. The level of the fitting curve is more sensitive to the absolute value of N p rather than D r . It is also clear from all these fittings ͓Figs. 4͑a͒-4͑d͔͒ that considering only CNT orientation was not sufficient in describing the observed viscosity enhancement. It is believed that the extra contribution to shear viscosity at low shear rates is due to the presence of CNT aggregates, which were experimentally observed in optical microstructure studies ͓see also Figs. 3͑b͒-3͑d͔͒.
IV. AGGREGATION/ORIENTATION MODEL

A. Formulation of the aggregation/orientation model for steady and homogeneous flows
The FP orientation model was unable to describe the shear-thinning characteristic for untreated CNT suspensions, and therefore, a new model named the aggregation/ orientation ͑AO͒ model was developed. The new model considered a hierarchy of CNT aggregate structures within an untreated CNT suspension, where the shear viscosity was controlled by the state of aggregation and CNT orientation. The FP description was modified to incorporate aggregation/disaggregation kinetics and a detailed derivation for the AO model is included in this section.
The AO distribution function in the AO model is written as ͑x , t , , n͒, where n ͓0,1͔ describes the state of aggregation ͑n = 0 corresponds to CNTs that are free from entanglement and n = 1 represents a CNT aggregate network͒. It is assumed that the flow is steady and homogeneous and that different populations ͑n͒ are present within the control volume considered in the balance equation. In more complex flow situations where spatial flow inhomogeneity is present, the material derivative in the FP equation contains the orientation distribution function gradient and it does not reduce to the temporal partial derivative. Such spatial dependence does not introduce great difficulties in numerical modeling and is commonly encountered in the simulation of forming processes involving flows in complex geometries. There is, however, also evidence in Fig. 3 showing local inhomogeneity in terms of CNT concentration. This type of inhomogeneity has not been taken into account in the current modeling because the kinetic theory approach uses a spatial averaging which filters this type of inhomogeneity. In order to take into account this type of inhomogeneity, Brownian dynamics or finer kinetic theory description such as the one proposed by Dhont and Briels ͑2005͒ should probably be used. In this paper, the orientation distribution is assumed to depend on the orientation and population conformational coordinates only, reducing ͑x , t , , n͒ to ͑ , n͒. ͑ , n͒ describes the fraction of CNTs oriented in the direction and belonged to a population n. It contains information about CNT orientation and aggregation state and the remaining task is to modify the FP equation accordingly.
For an arbitrary population n ͑where n 0 nor 1͒, the population can increase as a result of the aggregation of smaller aggregates ͑r Ͻ n͒ or the disaggregation of larger aggregates ͑r Ͼ n͒. On the other hand, the population n can decrease because of the disaggregation of population n forming less entangled aggregates ͑r Ͻ n͒ or the aggregation of n forming more entangled aggregates ͑r Ͼ n͒. If a constant aggregation velocity ͑v c ͒ and a constant disaggregation velocity of ͑v d ͒ are assumed, the following balance expression can be written for the population n:
The balance equation considering orientation only is given as
͑14͒
The FP equation which includes both CNT orientation and aggregation/disaggregation kinetics becomes ‫,͑ץ‬n͒ ‫ץ‬t
͑15͒
For a homogenous flow at steady state
͑16͒
The solution of Eq. ͑16͒ should verify the normality condition ͐ S͑0,1͒ ͐ 0 1 ͑ , n͒dnd = 1, where S͑0,1͒ represents the unit sphere surface centered at the origin of the orientation conformation space.
The distribution function ͑ , n͒ can be obtained by solving Eq. ͑16͒ and the fourthorder orientation tensor can be expressed as a 4 ͑n͒ = ͵ ͑,n͒d.
͑17͒
The stress contribution due to the presence of CNTs for a multipopulation system can be obtained by generalizing Eq. ͑3͒,
The rheological model described above provides a first approximation for describing a suspension with aggregating CNTs and contains four parameters: the concentration and aspect-ratio parameter ͑N p ͒, the rotary diffusion coefficient ͑D r ͒, and the aggregation and disaggregation velocities ͑v c and v d ͒. To simplify the analysis and minimize the degrees of freedom, the following assumptions are made, but other more complex models could be proposed: 
v c decreases linearly with the shear rate and it takes the form as given in Eq. ͑19e͒ and for a shear rate higher than ␥ max , the aggregation velocity becomes zero ͓Eq. ͑19f͔͒
In the AO model, the evolution of CNT aggregates depends on the values of v d max and v c max and it would therefore be useful to develop a deeper understanding on how these values affect the population distribution of CNT aggregates.
Integrating Eq. ͑16͒ over the unit sphere surface S͑0,1͒ and using the condition that
the following equation can be derived:
where C͑n͒ = ͐ S͑0,1͒ ͑ , n͒d and ͐ 0 1 C͑n͒dn =1.
The population distribution C͑n͒ can be computed from Eq. ͑21͒ without considering the orientation distribution. If the values of v d max and v c max are fixed, the population distribution C͑n͒, or in a discrete form C i = C͑n = n i ͒, would then be given by Eq. ͑21͒. The above analysis shows that the population distribution C͑n͒ only depends on the ratio between v d max and v c max ͑i.e.,
Numerical details
The modified FP equation involved two variables "" and "n." The first variable is defined as the surface of the 3D spherical orientation space which has been discretised into M nodes. The second variable n is defined over the one-dimensional ͑1D͒ interval ͓0, 1͔ with N nodes. The operator involving orientation was discretised using twodimensional triangular linear finite elements with nodes belonging to the surface of the 3D spherical orientation spaces as shown in Fig. 8 . The operator involving the second variable n was discretized using 1D linear finite elements. The size of the orientation operator is ͑M , M͒ and that of the aggregation operator is ͑N , N͒. The global Eq. ͑16͒ involves the two variables in a coupled way and therefore the global operator is built on the tensorial product of the two operators and has a size of ͑M . M , N . N͒. Table I gives an idea of typical CPU times required for solving the AO model numerically if the model parameters are known. Clearly, if the values of the model parameters are not known, it would take a longer computation time to identify the best fit values for describing the experimental data.
B. Application of the AO model
The AO model was tested against the experimental evolution of apparent steady shear viscosity for four different concentrations of untreated CNT suspensions ͑ = 0.025%, 0.05%, 0.1%, and 0.25%͒ and the fitting results are shown in Fig. 5 . Reasonable fittings were obtained and the solutions of the AO model were found to be essentially indepen- 
Least square method was used in the fitting process and the best fit values of parameters N p max and D r max were plotted against the CNT concentration as shown in Fig. 6 . It has been found that the concentration parameter N p max scaled linearly with the CNT concentration whereas ␤ decreased with increasing concentrations. ␤ represents the relative rate of disaggregation to aggregation and the trend in Fig. 7 implies that it is more difficult to disentangle CNTs at high CNT loadings. Intuitively this can be explained by the fact that the inter-spacing between CNTs decreases as the CNT concentration increases and there is a higher chance for the interlocking of CNTs to occur when subject to shear. Finally, the rotary diffusion coefficient parameter, D r max , was found to be in the order of 10 −4 -10 −5 s −1 for concentration levels at 0.05%, 0.1%, and 0.25% whereas the best fit D r max value for the 0.025% CNT suspension was identified to be 0.05 s −1 . Figure 7 shows the aggregate population distribution for four different CNT concentrations and two shear rates. The population distribution, C͑n͒, depends on the CNT concentration as well as the shear rate applied. In terms of the effect of shear rate, the simulation results showed that low shear favoured the formation of CNT aggregates with n closes to 1 ͓Figs. 7͑a͒, 7͑c͒, 7͑e͒, and 7͑g͔͒ whereas high shear led to the disaggregation of CNT aggregates and the population distribution skewed towards population n =0 in Figs. 7͑b͒, 7͑d͒, 7͑f͒ , and 7͑h͒. These simulations results are consistent with the experimental observation that low shear induced aggregation, but the aggregates broke down at high shear, forming smaller aggregates and CNTs with less entanglement. In addition to shear rate, different concentrations of CNT suspensions showed different tendencies to aggregate. C͑n͒ skewed more towards n =1 ͑CNT network͒ with increasing concentrations, implying suspensions with higher CNT concentration have a higher tendency to aggregate. It was verified that the area under the curve for Figs. 7͑a͒-7͑h͒ was very close to 1 and the condition ͐ 0 1 C͑n͒dn = 1 was satisfied. Figure 8 shows the detailed orientation distribution for two CNT populations within a 0.025% CNT suspension sheared at two different shear rates ͑0.1 and 10 s −1 ͒. Flow is in the X direction as indicated in Fig. 8͑a͒ and the shear gradient is on the X-Z plane. The grey scale represents the magnitude of orientation distribution function for free tubes ͓Figs. 8͑a͒ and 8͑c͔͒ and highly entangled CNTs ͓Figs. 8͑b͒ and 8͑d͔͒. The darker the color, the higher the probability of finding a CNT with an orientation defined by the center point of the unit sphere ͑0, 0, 0͒ and a point on the unit sphere surface. Simulation results showed that in the presence of shear, CNTs tended to orient towards the flow direction ͑X͒. It is also clear by comparing Fig. 8͑a͒ to Fig. 8͑c͒ that the degree of alignment in the flow direction increased as the magnitude of shear rate increased and similar results were obtained for CNT aggregate with n =1 ͓see Figs. 8͑b͒ and 8͑d͔͒. Fry et al. ͑2005͒ reported the anisotropy of CNTs using the nematic order parameter. The nematic order parameter, or S͑n͒, is a parameter varying from 0 to 1 and the larger the magnitude, the higher the degree of alignment. S͑n͒ associated with the distribution shown in Figs. 8͑a͒ and 8͑b͒ was calculated to be about 0.2 whereas that for Figs. 8͑c͒
FIG. 7. AO model:
The effect of CNT concentration and magnitude of shear rate on the CNT population distributions C͑n͒. This figure shows that CNT tended to aggregate ͑population distribution skews towards n =1͒ at high concentration and low shear conditions. and 8͑d͒ was close to 0.9, indicating a higher anisotropy at high shear. S͑n͒ was found to decrease slightly with the population as the rotary diffusion coefficient increases, but this dependence was found to be relatively weak compared with the shear rate effect. Finally, Fig. 9 shows that the AO model can be used to model the transient viscosity change for a series of step changes in shear rate. The suspension concentration is 0.1% and the parameters used in the transient modeling were determined from the best fits to steady shear data ͑N p max = 556, D r max = 3.58ϫ 10 −5 , ␤ = 222͒. The transient shear viscosity data in Fig. 9 were plotted on a linear scale. Although the AO model predicted a small overshoot which was not observed experimentally, there was a reasonable agreement between experimental data and model prediction. The model as presented here does not include LVE and it is anticipated that LVE effects could influence the transient response. Both untreated and treated CNT suspensions do exhibit LVE as reported, for example, by Song and Youn ͑2005͒ for untreated and Fan and Advani ͑2007͒ for treated. The authors of this paper have been able to include LVE effects into the rheological modeling of treated CNT suspensions ͓Ma et al. ͑submitted͔͒. For completeness, experimental LVE data for the untreated CNT aggregate suspensions are included in the Figs. 10-12 but the inclusion of VE into the AO modeling has proved to be more challenging and will therefore be reported as a separate publication.
V. DISCUSSION AND CONCLUSIONS
Untreated CNTs were initially modeled as rigid rods that can rotate and diffuse in a shear flow. It was assumed in the initial modeling that hydrodynamic forces aligned the FIG. 8. AO model: Detailed orientation distribution for two CNT populations in a 0.025% for CNT suspension sheared at 0.1 s −1 ͓͑a͒ and ͑b͔͒ and at 10 s −1 ͓͑c͒ and ͑d͔͒. Flow is in the X direction as indicated in a and the shear gradient is on the X-Z plane. The color scale represents the magnitude of orientation distribution function for free tubes ͓͑a͒ and ͑c͔͒ and highly entangled CNTs ͓͑b͒ and ͑d͔͒. The darker the color, the higher the probability of finding a CNT having an orientation defined by the center point of the unit sphere ͑0, 0, 0͒ and the point on the sphere.
CNTs in the shear direction, but there were also randomizing events such as Brownian motion and tube-tube interactions that counteracted the hydrodynamic forces in aligning the CNTs. The evolution of CNT orientation was described by a FP equation with a certain rotary diffusion coefficient ͑D r ͒ and viscosity contribution due to the presence of CNTs depended on the CNT orientation. In the case of untreated CNT suspensions, initial FP orientation modeling with two adjustable parameters ͑D r and N p ͒ failed to capture the low-shear-viscosity enhancement effect as observed experimentally. Furthermore, optical microstructure studies suggested the presence of CNT aggregates at low and intermediate shear rates, leading to the conjecture that besides CNT orientation, aggregation of CNTs had also influenced the shear viscosity of the system as a whole.
The original FP equation in the orientation model was modified to include the experimentally observed effect of aggregates and one additional parameter was added to describe the aggregation/disaggregation kinetics. An AO model was formulated and the number of fitting parameters in the model was reduced by introducing a number of simplifying assumptions. A simple version of the AO model contains three fitting parameters ͑N p max , D r max , and ␤͒ and it was capable of describing the experimental shearthinning characteristic of aggregating CNT suspensions. Based on the best fits to experimental data, the concentration parameter N p max was found to scale linearly with the actual CNT concentration whereas ␤ decreased ͑asymptotically͒ with increasing concentration. Since ␤ represents the relative rate of disaggregation to aggregation, this simulation results imply that the higher the CNT concentration, the higher the tendency for the suspension to aggregate. The model developed might not be a unique model in terms of describing shear thinning, but it does provide some insight into the physics when an aggregating CNT suspension is subjected to steady shear. The model showed that CNTs aggregated at low shear and the level of entanglement decreased as the shear rate increased. This prediction is consistent with the optical observations and offers a plausible explanation to the significant shear-thinning characteristic of aggregating CNT suspen- sions. The AO model contains useful information about CNT orientation and the state of aggregation which is important for controlling or predicting the physical properties of CNT based end-products.
Finally, despite the success of the AO model in describing the steady shear response of aggregating CNT suspensions, the model as currently formulated is essentially only viscous and is therefore not yet capable of predicting the experimentally observed viscoelasticity for CNT aggregate suspensions. Inclusion of viscoelastic modeling into the AO model that also describes the shear-thinning response of CNT aggregate suspensions constitutes an important part of ongoing research and the results will be reported in a future paper.
